This paper studies the dynamics of the reaction-diffusion Brusselator model with Neumann and Dirichlet boundary conditions, under linear and nonlinear modal feedback control. The bifurcation parameters are for the Neumann problem the concentration of one of the reactants and for the Dirichlet problem the diffusion coefficient of one of the reactants. The study of the dynamics of the system is based on methods of bifurcation theory and the application of Poincaré maps. A direct comparison of the dynamics of the open-loop and closed-loop systems establishes that the use of feedback control significantly suppresses the rich open-loop dynamics. In addition, the superiority of the nonlinear controller over a linear controller, in attenuating the effect of bifurcations on the output of the closed-loop system, and the ability of the nonlinear controller to stabilize the system states at the spatially uniform solution provided the number of manipulated inputs is sufficiently large are shown for both the Neumann and Dirichlet problems. ͓S1063-651X͑99͒05201-0͔ PACS number͑s͒: 05.45.Gg
I. INTRODUCTION
Reaction-diffusion ͑RD͒ systems arise frequently in the study of chemical and biological phenomena and are naturally modeled by parabolic partial differential equations ͑PDEs͒. The dynamics of RD systems has been the subject of intense research activity over the past decades. The reason is that RD systems exhibit very rich dynamic behavior including periodic and quasiperiodic solutions and chaos ͑see, for example, ͓1-4͔ for some results and reference lists͒.
A RD system whose dynamics has been studied extensively is the Brusselator reaction scheme in one-and twodimensional domains. In ͓5-7͔ extensive bifurcation studies of the Brusselator model showed that the system exhibits very rich dynamic behavior for different regions in the parameter space. In ͓8͔ the dynamics of the Brusselator model with Dirichlet boundary conditions was studied using the length of the domain as the bifurcation parameter and evidence of chaotic behavior was presented. Theoretical justification of the existence of aperiodic solutions based on bifurcation theory was presented in ͓9͔, while secondary and homoclinic bifurcations were analyzed in ͓10-12͔ for the Brusselator reaction scheme for both one-and twodimensional domains.
Even though the analysis of complex dynamics of RD systems has been a research subject for more than 30 years, the use of feedback control to supress complex dynamics of RD systems and the study of the dynamics of RD systems under feedback control have been addressed only recently. In ͓13͔ a linear adaptive control strategy was applied to the Gray-Scott model in order to control the formation of patterns in a one-dimensional domain, while in ͓14͔ an experimental application of linear modal feedback control for suppressing chaotic temporal fluctuations of spatiotemporal thermal patterns on a catalytic wafer was reported. In ͓8͔ a feedback controller based on the singular value decomposition of the spatial differential operator was used to control complex dynamics of the Brusselator model and a detailed bifurcation analysis of the closed-loop system was performed. Finally, the effect of linear modal feedback control on the open-loop dynamics of the FitzHugh-Nagumo model was studied in ͓15͔.
In this paper we present a study of the dynamics of the RD Brusselator model with Neumann and Dirichlet boundary conditions, under nonlinear and linear modal feedback control. The bifurcation parameters are for the Neumann problem the concentration of one of the reactants and for the Dirichlet problem the diffusion coefficient of one of the reactants. The main objective of the study, which is based on methods of bifurcation theory and the application of Poincaré maps, is to determine to what extent the rich dynamic behavior exhibited by the open-loop system is suppressed by the use of feedback control. The paper is structured as follows. Initially, the process model is presented and an analysis of the open-loop system is performed to determine values of the bifurcation parameter for which Hopf bifurcations occur. Then the nonlinear modal feedback controller is synthesized and the closed-loop system is analyzed. Finally, the projections of the Poincaré maps on suitably chosen planes of the open-loop and closed-loop systems, for various values of the bifurcation parameter, as well as the closed-loop output responses and spatial profiles of the process states under nonlinear and linear control, are presented and compared.
II. PROCESS DESCRIPTION AND MODEL
We consider an isothermal membrane reactor, shown in Fig. 1 , where the diffusive phenomena are important in one dimension and the following Brusselator reaction scheme takes place:
X→E.
In the above reaction scheme, A,B are the reactants and X,Y,D are the products. The concentration of reactant B is assumed to be constant throughout the reactor with value b. Assuming that the concentrations are properly scaled such that the kinetic constants are set equal to 1 and setting x 1 ϭXϪX s and x 2 ϭY ϪY s , where X s ϭa and Y s ϭb/a are the spatially uniform steady states ͑note that all concentration variables are dimensionless͒, the dynamics of the process are described by the system of parabolic PDEs
where ⍀ϭ͓0,1͔, xϭ͓x 1 x 2 ͔ T , x: ⍀ϫ͓0,ϩϱ)→R 2 , x i L 2 (͓0,1͔) ͑the usual Hilbert space of square integrable functions͒, iϭ1,2, z denotes the spatial coordinate, t denotes ͑dimensionless͒ time, ⌬ is the one-dimensional Laplacian operator, D and A are constant matrices of the form
is a nonlinear function of the form and u(z,t) is the deviation of the concentration of species A from the reference value a, which will be considered later as the manipulated variable for the control problem.
We will consider the system of equations ͑1͒ with two different sets of boundary conditions: ͑i͒ the Neumann ͑no flux͒ boundary conditions ‫ץ‬x ‫ץ‬z ͑ 0,t ͒ϭ ‫ץ‬x ‫ץ‬z ͑ 1,t ͒ϭ0 ͑4͒
and ͑ii͒ the Dirichlet boundary conditions x͑0,t ͒ϭx͑ 1,t ͒ϭ0. ͑5͒
The system of equations ͑1͒ clearly admits the uniform in space steady state solution ͑0,0͒ for both sets of boundary conditions.
III. DYNAMICAL ANALYSIS OF THE OPEN-LOOP SYSTEM
In this section we consider b to be the bifurcation parameter for the Neumann problem and D 2 to be the bifurcation parameter for the Dirichlet problem and perform spectral analyses of the linearization of the system of equations ͑1͒, for both the Neumann and the Dirichlet problem, in order to analytically derive the values of b,D 2 for which Hopf bifurcations occur in the open-loop system, i.e., Eq. ͑1͒ with u(z,t)ϭ0 ͑see also ͓5,6,9͔ for similar analyses͒. We concentrate on Hopf bifurcations because our intention is to study a part of the parametric space where only Hopf bifurcations are possible.
For the Neumann problem a straightforward computation of the eigenvalues and eigenfunctions of the Laplacian operator ⌬, subject to the boundary conditions of Eq. ͑4͒, yields 0 ϭ0, 0 (z)ϭ1, n ϭϪn 2 2 , and n (z)ϭ& cos(nz); nϭ1,...,ϱ, where n is an eigenvalue and n (z) is an eigenfunction. Expanding the solution of the system of equations ͑1͒ in an infinite series in terms of the eigenfunctions of the Laplacian operator, we obtain
where ␣ n,i (t) are time-varying coefficients. Substituting the expansion ͑6͒ into the system of equations ͑1͒ and taking the inner product in L 2 (͓0,1͔) with the adjoint eigenfunctions of ⌬, the following system of infinite ordinary differential equations is obtained:
where
For the above system, a pair of eigenvalues crosses the imaginary axis when
Apparently, the smallest value of b where a Hopf bifurcation occurs ͑see ͓16͔ for a justification of this fact for the infinite-dimensional case͒ is for which the system of equations ͑1͒ admits a periodic uniform in space solution. We note that this periodic solution is also an invariant set for the system of equations ͑1͒ with D 1 ϭD 2 ϭ0.
For the Dirichlet problem the corresponding eigenvalues and eigenfunctions of the Laplacian operator ⌬ subject to the boundary conditions of Eq. ͑5͒ are n ϭϪn 2 2 and n (z) ϭ& sin(nz), nϭ1,...,ϱ. Expanding again the solution of the system of equations ͑1͒ in an infinite series in terms of the eigenfunctions of the Laplacian operator, we obtain
Substituting the expansion ͑11͒ into the system of equations ͑1͒ and taking the inner product in L 2 (͓0,1͔) with the adjoint eigenfunctions of ⌬, we obtain
where g n ϭ0 if n is even and g n ϭ2&/n if n is odd and f n is defined in the same way as Eq. ͑8͒. Note that in this case the manipulated variable u appears only in the equations for the odd modes. For the above system, assuming that D 1 ϭD 2 ϭd, where is a constant positive parameter, a pair of eigenvalues crosses the imaginary axis when
The largest value of d where a Hopf bifurcation occurs for the Dirichlet problem is for nϭ1:
for which the system of equations ͑1͒ admits a periodic solution. Note that this periodic solution is nonuniform in space because the eigenfunction of the mode where the bifurcation occurs is spatially dependent.
IV. FEEDBACK CONTROL: ANALYSIS OF THE CLOSED-LOOP SYSTEM
In this section we assume that measurements of the coefficients ␣ n,i (t) are available and synthesize a nonlinear modal feedback controller for the system of equations ͑1͒ by using geometric control methods ͓17͔ ͑see also ͓18͔ for an alternative approach for the design of nonlinear feedback controllers for parabolic PDE systems͒. The assumption that the ␣ n,i (t) are known allows studying the dynamics of the closed-loop system under a feedback controller that does not introduce additional dynamics in the closed-loop system. This is important because it allows a fair comparison between the dynamics of the open-loop and closed-loop systems as well as a precise evaluation of the ability of feedback control to suppress the complex open-loop dynamics. In practice, whenever measurements of ␣ n,i (t) are not available, output feedback controllers, which utilize state observers to estimate the values of ␣ n,i (t) from measurements of the process output, could be employed to regulate the process. The reader may refer to ͓19͔ for a methodology for output feedback controller synthesis for quasilinear parabolic PDE systems using the concept of approximate inertial manifold.
A. Output regulation
We consider as controlled output the mean value of the concentration of the component X:
or in terms of the modal coefficients
for the Neumann problem and
for the Dirichlet problem. The control objective is to ensure that the output satisfies max t→ϱ ͉y(t)͉р⑀, where ⑀ is a small positive number that depends on the desired closed-loop performance specifications, by using one manipulated input that is distributed uniformly in space, i.e.
, u(z,t)ϭu(t).
Applying nonlinear geometric control methods to the systems of equations ͑7͒ and ͑12͒, one can derive the following feedback laws: ͑i͒ For the Neumann problem
and ͑ii͒ for the Dirichlet problem
which induce the following output response in the corresponding closed-loop systems:
where KϾ0 is an adjustable parameter. The application of the controller of Eq. ͑18͒ ͓Eq. ͑19͔͒ to the system of equations ͑7͒ ͓͑12͔͒ would directly lead to the satisfaction of the control objective max t→ϱ ͉y(t)͉р⑀ in the closed-loop system for both problems, for any values of ⑀у0, b, and d. However, the implementation of these controllers would require the computation of infinite sums, which cannot be done in practice. Therefore, we approximate the above controllers with the following ones that involve finite sums: ͑i͒ For the Neumann problem
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͑23͒
and n min ϭ0 for the Neumann problem and n min ϭ1 for the Dirichlet problem. The value of N will be determined to ensure that the control objective max t→ϱ ͉y(t)͉р⑀ is enforced in the closed-loop system. We proceed with a closed-loop stability analysis for the Neumann problem. Substituting the controller of Eq. ͑21͒ into the system of equations ͑7͒, the infinite-dimensional closed-loop system takes the form
where f n is defined in Eq. ͑8͒. The controller of Eq. ͑21͒ stabilizes the first two modes, i.e., the two-dimensional system
for which the eigenvalues are 0,1 ϭϪK and 0,2 ϭϪa 2 . We also note that when bϽb 1 , the controller of Eq. ͑21͒ exponentially stabilizes the infinite-dimensional closed-loop system of equations ͑24͒ at the steady state ͑0,0͒ and the output approaches 0 asymptotically. However, this stabilizing action does not preclude the presence of bifurcations in the infinite-dimensional closed-loop system of equations ͑24͒ for bϾb 1 . In particular, when bϾb 1 the spatially uniform steady state solution ͑0,0͒ is not stable because the remaining uncontrolled modes exhibit oscillatory behavior. Furthermore, in this case max t→ϱ y(t) 0 because of the inexact cancellation of the nonlinear terms in the system of equations ͑24͒.
A similar analysis can be also performed for the Dirichlet problem, with the modification that the control law of Eq. ͑22͒ leaves the even modes of the infinite-dimensional system of equations ͑12͒ completely unaffected. This again means that if dϽd 2 , then the ͑0,0͒ steady state becomes unstable and the positively invariant set consists of more complicated orbits in the infinite-dimensional state space. Again, when dϽd 2 the max t→ϱ y(t) 0 because of the inexact cancellation of the nonlinear terms in the closed-loop system.
B. Spatial profile stabilization
We now consider the problem of stabilizing the entire concentration profile in the case where bϾb 1 and dϽd 2 for the Neumann and Dirichlet problems, respectively. This would naturally entail stabilizing every unstable mode of the open-loop system by using more than one manipulated input. To this end, let us define the outputs
where M denotes the higher integer such that ␣ i,1 is unstable, and consider M ϩ1Ϫn min manipulated inputs ͓it can be shown by applying standard controllability theory to the linearization of the system of equations ͑1͒ that the use of M ϩ1Ϫn min manipulated inputs suffices to stabilize the entire spatial profile͔. We will assume that the ith manipulated input acts uniformly in the spatial interval ͓z i ,z iϩ1 ͔ and is zero elsewhere, which implies that
where H(z) denotes the standard Heaviside function, z 1 ϭ0, z M ϩ1ϩn min ϭ1, and z iϩ1 Ͼz i . Following the same approach as in the output regulation problem, we address the controller design problem on the basis of ordinary differential equations ͑ODEs͒ that describe the dynamics of the unstable modes of the PDE system. Specifically, the equations for the unstable modes of the Neumann problem ͑the development for the Dirichlet problem is similar and will be omitted for brevity͒ are
The selection of z i , 1ϽiϽMϩ1, is made so that the linearization of the above system is controllable. The control law is synthesized, using geometric control methods ͓17͔, to exponentially stabilize the system of equations ͑28͒ and induce a decoupled closed-loop response ͑the explicit formulas for u i are omitted for brevity͒, followed by the truncation of the infinite sums ͑note that we must have NϾM ͒ to end up with practically implementable controllers. This results in the equations for the output responses in the closed-loop system
where e n is the error due to the truncation of the nonlinear terms. For KϾ0, the steady state ␣ n,1 ϭ0, nϭ0,...,M , of the closed-loop ODE system is locally ͑i.e., for sufficiently small initial conditions͒ exponentially stable. Furthermore, since all the unstable modes of the process have been included in the system of equations ͑28͒ and the nonlinear controllers do not employ linear feedback of modes higher than M ϩ1, the open-loop stability of modes higher than M ϩ1 ͑i.e., ␣ M ϩ,1 , ϭ1,...,ϱ͒ is preserved in the closed-loop system. Finally, the modes ␣ n,2 exponentially stabilize as the outputs are exponentially stabilized. The above analysis implies that the steady state ͑0,0͒ of the closed-loop infinite-dimensional system is also locally exponentially stable.
V. NUMERICAL RESULTS
In this section we study the dynamics of the open-loop and closed-loop systems for various values of the bifurcation parameter. The numerical values of the process and controller parameters were selected to be ͑i͒ aϭ4, D 1 ϭ0.01, D 2 ϭ0.001, Kϭ80, ⑀ϭ0.12, and Nϭ4 for the Neumann problem and ͑ii͒ aϭ2, ϭ2, bϭ5.45, Kϭ80, ⑀ϭ0.002, and N ϭ4 for the Dirichlet problem. For these values b 0 ϭ17.0, b 1 ϭ17.108 and d 1 ϭ0.0152, d 2 ϭ0.0038, respectively, for the two problems. For the numerical simulation of the system, we used finite differences for the spatial discretization ͑50 equispaced discretization points were chosen͒ and a variable step size Runge-Kutta method for time integration.
Poincaré maps are used as a means to present the dynamic behavior of the open-loop and closed-loop systems in a compact fashion. We selected to present the projection of the Poincaré map defined as x 1 (0.3,t)ϭ0 and (dx 1 /dt)(0.3,t) Ͼ0, on the plane (X mid ,Y mid )ϭ"x 1 (0.5,t)ϩa,x 2 (0.5,t) ϩb/a…. We are going to use the term ''Poincaré map'' for the previously defined projection of the actual Poincaré map in order to be compatible with the literature ͓8,3͔. It is also reminded that a single point on the Poincaré map indicates periodic behavior, while a closed orbit indicates quasiperiodic behavior.
For the open-loop system the gradual change of the dynamics of the Neumann problem, as b increases from the value of the first Hopf bifurcation b 0 ϭ17.0, is shown in Fig.  2 . The system evolves from a periodic solution ͑a͒ to solutions with very complicated dynamics ͑b͒-͑f͒. These solutions seem to be globally stable, i.e., for a given value of b, the system trajectory starting from arbitrary initial conditions ultimately approaches the attractor. We also verified through simulations that for values of b that are very close to b 0 ͑as the theory predicts͒, the oscillations of the concentrations are FIG. 2 . Poincaré maps of the Neumann problem for ͑a͒ bϭ17.01, ͑b͒ bϭ17.075, ͑c͒ bϭ17.095, ͑d͒ bϭ17.11, ͑e͒ bϭ17.14, and ͑f͒ bϭ17.17.
FIG. 3.
Poincaré maps for the closed-loop system of the Neumann problem under nonlinear ͑*͒ and linear ͑᭺͒ controllers for ͑a͒ bϭ17.14, ͑b͒ bϭ17.17, ͑c͒ bϭ17.34, ͑d͒ bϭ17.44, and ͑e͒ b ϭ17.64. uniform in space, while for higher values of b, symmetrybreaking bifurcations occur that give rise to spatially nonuniform oscillations. Figure 3 shows the Poincaré maps for the closed-loop system of the Neumann problem under the nonlinear modal feedback controller of Eq. ͑21͒ for various values of the bifurcation parameter b. For each value of b the Poincaré map consists of one point, indicating a periodic solution for the closed-loop system. We note that this periodic behavior is spatially nonuniform because it occurs for nу1, where the eigenfunctions of these modes are spatially dependent. It is clear that the nonlinear controller suppresses the rich dynamic behavior exhibited by the open-loop system. For the sake of comparison, we also study the dynamics of the closed-loop system under a linear controller obtained by neglecting the nonlinear term f 0 in the controller of Eq. ͑21͒, i.e.,
The Poincaré maps of the closed-loop system, for different values of the bifurcation parameter b, are shown in Fig. 3 ; they consist of one point indicating that the complicated open-loop dynamics has been suppressed. Next we evaluate the ability of modal feedback control to attenuate the effect of bifurcations on the output of the closed-loop system and enforce max t→ϱ ͉y͉р0.12. Figure 4 shows the output of the closed-loop system under the nonlinear controller of Eq. ͑21͒ for bϭ17.14Ͼb 1 . Clearly, the controller attenuates the effect of bifurcations on the closedloop output ͑note that the requirement max t→ϱ ͉y͉р0.12 is satisfied͒, but it cannot completely eliminate their effect on the output due to inexact cancellation of the nonlinear terms in the system of equations ͑24͒. Figure 5 shows the output of the closed-loop system under the linear controller of Eq. ͑30͒ for bϭ17.14Ͼb 1 . The output again oscillates, but in this case the amplitude of oscillation is much higher ͑the requirement max t→ϱ ͉y͉р0.12 is not satisfied; compare also Figs In Figs. 10 and 11 we show the output behavior for d ϭ0.001 983 7 under the nonlinear control law of Eq. ͑22͒ with Nϭ4 and the linear control law that is obtained by neglecting the nonlinear terms in Eq. ͑22͒:
͑31͒
It is clear again that the output oscillates, but in the case of the nonlinear control law the amplitude of the oscillation is much lower than in the case of the linear control law. Note again that the output behavior under the linear control does not satisfy the requirement max t→ϱ ͉y͉р0.002. The inputs of the nonlinear and linear controller are shown in Figs. 12 and 13, respectively.
Finally, for the profile stabilization case, we will consider the case of two unstable modes for both the Dirichlet and the Neumann problem, obtained for the following values of the bifurcation parameters: ͑i͒ b 1 Ͻbϭ17.14Ͻb 2 for the Neumann problem and ͑ii͒ d 3 Ͻdϭ0.003Ͻd 2 for the Dirichlet problem. We considered two manipulated inputs acting uniformly in the intervals ͓0, in order to induce the closed-loop response of Eq. ͑29͒ and hence stabilize the spatial profile at ͑0,0͒. The initial conditions were chosen to be piecewise uniform functions with a very steep gradient at the center of the domain, in order to test the controller performance under conditions of no smoothness in the initial condition. For both cases, it is observed in Figs. 14 and 15 that the controller very quickly moves the spatial profile close to x 1 (z,t)ϭx 2 (z,t)ϭ0. Note that the rate of the stabilization depends also on the rate by which the first stable mode exponentially approaches zero. This mode exhibits oscillatory behavior with exponentially decreasing amplitude, which explains the pattern of the oscillation observed in the evolution of the spatial profiles ͓ϳcos(z)cos(t) in the Neumann problem and ϳsin(3z)cos(t) in the Dirichlet problem, where is the frequency of the oscillation͔. The inputs, as it is shown in Figs. 16 and 17, also very quickly approach the value of zero, indicating that the two outputs have also become almost zero in both cases. The above results indicate that even though the distribution functions of the two control actuators are quite sharp ͓note that b 1 (z)ϭH(z)ϪH(zϪ0.5) and b 2 (z)ϭH(zϪ0.5)ϪH(zϪ1)͔ and therefore the control actions affect the modes of the PDE system that were not included in the approximate ODE system used for controller design ͑spillover effect͒, these modes are extremely stable and attenuate the effect of spillover.
VI. CONCLUSIONS
In this paper we presented a study of the dynamics of the reaction-diffusion Brusselator model with Neumann and Dirichlet boundary conditions, under modal feedback control. The main conclusions of our study are that ͑a͒ the use of modal feedback control drastically suppresses the rich openloop dynamics, ͑b͒ nonlinear control achieves significantly better attenuation of the effect of bifurcations on the closedloop output than linear control, and ͑c͒ the stabilization of the entire spatial profile can be achieved by using a sufficiently large number of manipulated inputs.
